We propose a novel integrated scheme for generation of Bell states, which allows simultaneous spatial filtering of pump photons. It is achieved through spontaneous parametric down-conversion in the system of nonlinear adiabatically coupled waveguides. We perform detailed analytic study of photon-pair generation in coupled waveguides and reveal the optimal conditions for the generation of each particular Bell state. Furthermore, we simulate the performance of the device under realistic assumptions and show that adiabatic coupling allows us to spatially filter the pump from modal-entangled photon pairs. Finally, we demonstrate that adiabatic couplers open the possibility of maintaining the purity of generated Bell states in a relatively fabrication-fault-tolerant way. Obtaining highly efficient generation of entangled photon pairs is extremely important in the field of quantum information for applications, such as quantum cryptography, quantum metrology, quantum teleportation, quantum information processing, and quantum computation [1] [2] [3] . Photons can be entangled in different degrees of freedom, thus realizing spatial, temporal, or polarization entanglement. The entanglement is vital for the realization of so-called Bell states, which are essential in quantum computation [4] . Bulk optics already demonstrates the ability to generate bright polarization-entangled photons; however, it still faces drawbacks, such as the instability, low precision, and large physical size of the devices. Integrated photonic circuits [3] provide a solution to the abovementioned challenges, as they enable integration of the source of entangled photons with quantum logic as well as offer scalability, miniaturization, and interferometric stability. A feasible way to perform such integration is to explore the functionalities of nonlinear waveguides.
Obtaining highly efficient generation of entangled photon pairs is extremely important in the field of quantum information for applications, such as quantum cryptography, quantum metrology, quantum teleportation, quantum information processing, and quantum computation [1] [2] [3] . Photons can be entangled in different degrees of freedom, thus realizing spatial, temporal, or polarization entanglement. The entanglement is vital for the realization of so-called Bell states, which are essential in quantum computation [4] .
Bulk optics already demonstrates the ability to generate bright polarization-entangled photons; however, it still faces drawbacks, such as the instability, low precision, and large physical size of the devices. Integrated photonic circuits [3] provide a solution to the abovementioned challenges, as they enable integration of the source of entangled photons with quantum logic as well as offer scalability, miniaturization, and interferometric stability. A feasible way to perform such integration is to explore the functionalities of nonlinear waveguides.
Nonlinear waveguides are advantageous for a vast variety of applications, including all-optical modulators [5] , logic gates [6] , high-brightness sources of entangled photons through spontaneous four-wave mixing [7] , and spontaneous parametric down-conversion (SPDC) [8] . In the latter case, the coupling between two or more waveguides can result in the generation of strongly correlated biphoton states at the coupler output [8] . For example, the SPDC in an array of coupled nonlinear waveguides can be used to generate photon-pair quantum states with bunching or antibunching spatial correlations through the quantum walks of photons [9] .
Importantly, the incorporation of waveguide coupling in the regime of SPDC can also allow for the simultaneous filtering of the pump beam from the generated photon pairs. If the coupling between the waveguides is chosen appropriately, the pump beam can stay in the input waveguide, whereas the generated photon pairs having approximately two times larger wavelengths can couple to the neighboring waveguides [9, 10] . Such spatial filtering may in certain cases be preferable to spectral Bragg-grating-based filtering [11] , because spatial filtering does not necessarily incur pump backreflection. Having access to spatial filtering may open broader opportunities for designing integrated photonics circuits with enhanced pump routing flexibility. However, when using this kind of spatial pump filtering, it is important to ensure that the photon-pair state remaining in the pumped waveguide is separable from the photon-pair state in the other waveguides; then the generated photon-pair state in waveguides other than the pumped waveguide will be a pure state. This effect can theoretically be achieved by careful waveguide design [10] ; however, it may prove challenging for practical implementation. Furthermore, using simple nonadiabatic waveguide coupling makes pump filtering a complicated task that requires high fabrication precision when dealing with different signal and idler photons, such as in cases of polarization or spectral entanglement.
In this Letter, we show that, by employing adiabatic waveguide coupling [12, 13] , we can generate SPDC photon pairs entangled in the degree of modal entanglement, while simultaneously keeping the filtered photon states separable from the photons in the pumped waveguide. Our proposed scheme reveals the possibility of combining flexible reconfigurable quantum state generation and spatial filtering of the pump beam in an integrated photonic chip. Importantly, adiabatic coupling is also tolerable to fabrication inaccuracies, and does not require careful waveguide manufacturing even when used to couple photons of different polarizations and frequencies. We perform careful systematic analysis of photon-pair generation in quadratic nonlinear coupled waveguides and determine the optimal conditions for the generation of all four possible maximally entangled Bell states.
We model the spatial biphoton wave function dynamics by extending the coupled-mode approach developed to simulate degenerate SPDC in homogeneous waveguide arrays [14] . We incorporate variable adiabatic coupling for nondegenerate biphotons as follows:
Here, Ψ n s ;n i is the biphoton wavefunction, z is the propagation distance, and n s and n i denote the waveguide numbers of the signal (s) and idler (i) photons, respectively. Δβ 0 ω p nω p ∕c − ω s nω s ∕c − ω i nω i ∕ c − π∕Λ is the phase mismatch in a single waveguide, and ω p;s;i are the angular frequencies of the pump, signal, and idler photons. Λ is the poling period, nω s;i;p are the effective waveguide refractive indices, c is the speed of light, d eff is the effective nonlinear coefficient, and δ is a Kroncecker delta function. A n p is the complex pump amplitude in the waveguide n p . C s;i n z is the coupling between the waveguides n; n 1 for signal and idler photons accordingly; for example, C s n s indicates the coupling of signal photons between the original waveguide and its right-hand neighbor, while C s n s−1 indicates the coupling of signal photons between the original waveguide and its left-hand neighbor.
If the structure contains N waveguides, then the generated photon pairs can exit from any combination of waveguides n s;i 1; 2; …; N, depending on the pump and the effective coupling between the waveguides. Our aim is that at the output of this system, the generated photons form Bell states, which are maximally entangled biphotons.
Our formalism is applicable to the analysis of modal entanglement for both type-I and type-II SPDC. In the case of type-I SPDC, the idler and signal photons have the same coupling [C s C i ]. In the case of type-II SPDC, the idler and signal photons have unequal coupling [C s ≠ C i ]. Both cases are useful for quantum optics applications, but are difficult to realize in an integrated system in combination with spatial filtering to remove the pump. Adiabatic coupling allows for spatially pump-filtered generation of modal-entangled photon pairs, while maintaining the purity of generated Bell states in a way that does not require high fabrication precision.
To study the generation of Bell states on chip, we start with the structure incorporating two coupled quadratic nonlinear waveguides [15] . Pump beams are coupled to both waveguides 1 and 2, with the corresponding amplitudes A 1 A a and A 2 A b [see Fig. 1(a) ]. Idler and signal photon pairs can couple to both waveguides, and form the following Bell state wavefunctions at the output:
We identify the optimal conditions for the generation of all Bell states and summarize them in Table 1 . In the Pump column, we use "Even" to denote in-phase pumping of both waveguides (A a A b ), and "Odd" denotes out-of-phase pump with A a −A b . For optimal generation, the single-waveguide mismatch should be zero (Δβ 0 0); however, the generation efficiencies of different states will be slightly different due to the positive and negative phase mismatches associated with odd and even guided supermodes, respectively. For the generation of jΦ i states, the signal and idler photons need to stay at the same waveguide, and we call them "bunching" states. To obtain the Bell state jΦ i, the pump should have an even phase. The phase mismatch Δβ 0 may be arbitrary; however, zero phase mismatch corresponds to the most efficient generation. Tuning the pump to odd phase leads to the generation of the jΦ − i state [Figs. 1(b) and 1(c)]. We show the corresponding photon correlations Γ n s ;n i jΨ n s ;n i j 2 ∕ P n s ;n i jΨ n s ;n i j 2 and the phases of biphoton wavefunction θ n s :n i argΨ n s ;n i − argΨ n 1 ;n 1 in Figs. 1(b) and 1(c), respectively. These states are fairly trivial, since they do not 
involve coupling between the waveguides and correspond to bosonic statistics [16] . The generation of the other two Bell states (jΨ i) requires a particular coupling between the waveguides, as the idler and signal photons need to be in different waveguides, and we call them "antibunching" states. We can obtain the Bell state jΨ i with even pump and zero phase mismatch Δβ 0 0, but it requires a specific structure length, L πjC s C i j −1 . The Bell state jΨ − i [Figs. 1(d) and 1(e)], corresponding to fermionic statistics [16] , can be realized with an odd pump, zero phase mismatch (Δβ 0 0) and a structure length L πjC s − C i j −1 . Note that the coupling coefficients for idler and signal photons have to be different (C s ≠ C i ), which implies that the signal and idler photons have either different polarizations or different frequencies. We find that two-waveguide couplers [15] can be easily designed to satisfy the parameter requirements for generation of all four Bell states. However, this simple configuration does not allow for spatial filtering of the pump beam.
Next, we demonstrate how adiabatic coupling can be used for efficient pump filtering even in the case of nondegenerate photon pairs. For this purpose, we suggest a structure incorporating six waveguides as shown in Fig. 2 , with the adiabatic coupling introduced between the waveguides 1 and 3 and between the waveguides 4 and 6. The pump beams stay in the central waveguides 3 (A 3 A a ) and 4 (A 4 A b ), while the idler and signal photons can couple to the edge waveguides 1 and 6, where they can be spatially separated from the pump.
The adiabatic coupling of photons is achieved through a modulated coupling with the intermediate waveguides 2 and 5, which can be approximated as C z κ s;i expα s;i z − L. Here, the total sample length L t 2L, κ s;i is the coupling strength at z L for signal and idler photons respectively, α s;i is the parameter related to the slope of adiabatic coupling, and the adiabatic condition here is that γ s;i ≡ α s;i ∕κ s;i ≪ 1. Under such conditions, both photons are generated and propagate in the two central waveguides until a distance of approximately z L, after which they couple out to the edge waveguides. The optimal conditions for the Bell state generation in the 6-waveguide structure remain the same as for the two-waveguide coupler discussed previously.
We present simulations of the Bell state generation combined with pump filtering in Fig. 3. Figures 3(a)-3(d) show the biphoton intensity distribution along the waveguides, calculated as I n P N n s 1 jΨ n s ;n j 2 P N n i 1 jΨ n;n i j 2 , for the generation of states jΦ − i and jΨ − i, respectively. We observe the adiabatic coupling between the waveguides 1, 3, 5, and 6 mediated by the waveguides 2 and 5. The corresponding photon states at the output are presented in Figs. 3(b) , 3(c) and 3(e), 3(f). We see that the biphotons at the edge waveguides have the amplitudes and phases corresponding to the target Bell states. Additionally, these states have a high degree of purity, as there are almost no correlations between the edge and the inner waveguides. We have also confirmed that the same approach works with the other two Bell states, and that all four Bell states can be generated with a range of different coupling parameters corresponding to Table 1 . Importantly, the adiabatic coupling approach is tolerant to the effects of the fabrication inaccuracies. Finally, we estimate the performance of the spatial pump filtering. We numerically calculate coupling strength depending on the wavelength and the separation distance between the waveguides by simulating coupled waveguide supermodes in COMSOL Multiphysics. We utilize realistic parameters based on the previous experimental measurements in the nonlinear coupled waveguides [17] . We confirm that the coupling for the proposed 6-waveguide structure can be achieved for biphotons with the wavelengths around 1550 nm. To achieve the required coupling in our simulation, we consider that the structure length is equal to 6.3 cm, and the distance between the adiabatically coupled waveguides changes from 5.7 to 8.5 μm8.5 m. Then, to estimate the pump filtering order, we change the wavelength to 775 nm and perform the numerical simulation with the CW pump being initially coupled to the central waveguides 3 and 4. The filtering order is defined as FO −10 × logI WG1 ∕ I WG3 −10 × logI WG6 ∕I WG4 , where I WG1 I WG6 is the pump intensity at the output of the waveguide 1 or 6 and I WG3 I WG4 is the pump intensity at the input of the waveguide 3 or 4. We find that in the adiabatic coupling configuration, the structure provides the pumpfiltering order of 72 dB. The filtering can be improved to reach the values exceeding 100 dB by adding an extra set of adiabatic passages in a 10-waveguide configuration or adding a spectral filter.
In conclusion, our Letter shows that adiabatic waveguide coupling is a promising solution for efficient and simple spatial pump filtering during the generation of modal-entangled photon pairs in integrated photonic circuits. In the future, this scheme may prove useful for on-chip generation of strongly entangled biphoton states with controllable correlations, when combined with more sophisticated waveguiding structures.
